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Abstract-A new approach has been developed to estimate the bounds of the global heat production
rate within planetary interiors. This approach is derived based on the relationship between the internal
energy change and the volume change of a planetary object. In order to demonstrate the working
principle of this new approach, the moon has been chosen as an example. Using an averaged global
surface heat flux of 18 ergs/cm 2-sec and assuming that the lunar radius has not changed during the
past 3.2 billion years, the lunar heat release within the last 3.2 b.y. is estimated to be between 30-40
x 10 10 ergs/cm 3• This is equivalent to the present day uranium concentration of 35-50 ppb if the
radiogenic isotopes are of the same proportion as that given by Toksoz et al. (1978).

I. INTRODUCTION
Planetary evolution is greatly influenced by the thermal regime of the planet
throughout its lifetime. The thermal regime of an object, however, is strongly
dependent on many important factors such as the mode of planet formation, its
initial thermal state, its bulk composition and the abundances of long half-life
radiogenic elements. Among these factors, the concentration of radioactive isotopes within a planet is probably one of the more important, if not the most
important factor since it provides a long term heating mechanism. If the abundances of these isotopes are high, one would expect a longer time span of planetary evolution as described by Kaula (1975). On the other hand, if the abundance
is low, the "life expectancy" of a planet will be relatively short. Therefore, a
reasonably accurate determination of this parameter is important to the understanding of planetary evolution.
Traditionally, there are three different approaches in determining the heat production rate within planetary interiors. The first, most commonly used approach
is derived based on the assumption that the surface heat flux is at equilibrium
with the interior heat production (Urey, 1956; Birch, 1958). After large amounts
of surface heat flow measurements have been made, an averaged value of surface
heat flux can be extrapolated. Based on this averaged value, the heat production
rate per unit volume can be calculated according to H = 3q/R, where H is the
heat production rate per unit volume. The surface heat flux is q, and R is the
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radius of the object. However, the equilibrium assumption has recently been
challenged by Daly and Richter (1978) and Schubert et al. (1979). They carried
out thermal evolution calculations of different convecting systems and compared
the heat production rate and the surface heat fluxes at any given time. Their
results indicate that the surface heat flux generally lags the interior heat production. Equilibrium assumption can lead to an over-estimation of the heat production rate by as much as a factor of two.
The second approach is based on geochemical arguments (Ringwood, 1975, p.
199-201). It has been pointed out (Tilton and Reed, 1963) that the K/U ratio of
a wide range of terrestrial rocks was about 104, which is smaller than the chondritic ratio by a factor of 8. Assuming that the earth was formed similar to chondrites and its K content had been greatly depleted by subsequent but not yet
determined processes, Clark and Ringwood (1964) were able to estimate the
terrestrial concentration of radiogenic isotopes and, hence, the rate of heat production. The uncertainty of the heat source strength thus estimated is rather
large. This is mainly because the assumption requiring the earth to be formed
similar to chondrites is somewhat arbitrary. Wasserburg et al. (1964) were able
to construct a thermal model of the earth that satisfies the available geochemical
constraints without assuming a chondritic origin for the earth. Even if the earth
indeed has an origin similar to chondrites, the depletion of K relative to chondrite
is probably unnecessary. Lewis (1971) has demonstrated that potassium preferentially partition with the sulfur phase of the core. This could explain the large
depletion of K in the surface rocks while the global abundance of K remained at
a chondritic K/U ratio. Therefore, it is apparent that heat production rate calculated based on geochemical arguments will be subject to large uncertainties.
A third approach is to take the heat production rate as a free parameter. Thermal models of planetary objects are calculated using different parameter values.
Heat source strength can then be determined by choosing the model that has the
best fit to the available geological and geophysical constraints (Toksoz et al.,
1978). This approach, however, requires a substantial amount of computation.
In this paper, a new approach to determine the bounds of heat production rate
within planetary objects will be presented. In order to demonstrate the basic
principles of this new approach, the moon is chosen as a working example.
Mathematical formulation of the model will be described in the next section.
This will be followed by a presentation of the calculated results and a brief
discussion of the new approach.

II. ANALYSIS
According to the first law of thermodynamics, the energy balance of any system
can be expressed by the following relationship:
dU = dQ - dW,

(1)

where dU is the change of internal energy, dQ is the heat absorbed by the system
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and dW is the work done by the system. For a planetary object, the internal
energy is directly related to its interior thermal state. The amount of heat absorbed by a planetary body represents the balance between its internal heat generation and the heat escaping through the surface into space. For all practical
purposes, the work done by a terrestrial body can be regarded as negligible.
Therefore, it is apparent that for planetary objects, the change of its internal
energy is directly related to the change of its heat energy. The global balance
between internal energy and heat energy at any instant can thus be expressed as
JudV =
V

JQdV -

V

f

cidS,

(2)

where u is the time rate of change of internal energy per unit volume, Q is the
heat production rate per unit volume and q is the surface heat flux per unit area.
Equation (2) can also be integrated in time to give the energy budget over a
specific period of time within the planetary history, i.e.,

JJudV dt = JJQdVdt - JfcidSdt.
tv

vv

(3)

ts

It should be noted that internal energy can be expressed as u = pcvT. For simplicity, the physical properties are further assumed to be constant in this paper.
Consequently, the left-hand side (LHS) of Equation (3) can then be reduced to
LHS = pcv J(T1 - T2)dV,

(4)

V

where T 1 and T 2 are the thermal states at two different times in the planetary
history.
In general, the volume of an object will respond to the change of its internal
thermal state. Typically, volume expansion takes place as the object is elevated
to a higher thermal state by heating. Conversely, the object will contract when
it is cooled. Since the surface of a planetary object is relatively cool and thus
brittle, volume change will very often leave distinct markings on its surface.
Normally, extensional surface features are associated with volume expansion,
while compressional features are associated with volume contraction. This simple
phenomenon has been used to apply a severe constraint on planetary thermal
models (Solomon, 1977). The relationship between volume change and its internal
thermal variation can be expressed as following
LlV =

JailTdV,

(5)

V

where a is the coefficient of thermal expansion and Ll T is the change of internal
temperature. If a is constant throughout the volume,
LlV
JLlTdV = ~-

v
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As a result, the LHS of Equation (3) can further be reduced to
LHS =

PCv

a

Ll V.

(7)

The first double integral on the right hand side (RHS) of Eq. (3) represents the
total heat release over a given period of time. This is the quantity that we would
like to determine. The second integral (denoted by "II" from here on) represents
the total heat flux that escapes from the surface over the same period of time. In
order to evaluate this integral exactly, it is necessary to know precisely the distribution of q in both space and time. Since this is practically impossible, one can
only proceed to estimate the bounds of this integral using appropriate approximations. The corresponding heat production rates thus determined will undoubtedly represent only the bounds of the internal heat source strength.
In evaluating "II", we first assume that q is constant over the surface. Since
the heat flow measurements on planetary objects are scarce (with the exception
of the earth), it is only reasonable to assume that heat flow is uniform over the
planetary surface. This is especially true in cases where lateral surface tectonic
activities are absent. As for the heat flow variations in time, the present value of
q is represented by the averaged value of the available measurements. However,
the data about its variation in time are essentially non-existent. Therefore, one
can only pose bounds on the time variation of surface heat fluxes. Based on
geological and geophysical investigations about the earth and the moon, it is
believed that terrestrial planets were generally hotter in their early history. Such
geological evidence has been summarized by Toksoz et al. (1978). Consequently,
taking a constant heat flux in time will represent a lower bound of the q variation.
According to thermal evolution calculations (Schubert et al., 1979; Daly and
Richter, 1978), surface heat fluxes generally decay exponentially in time.
Therefore, a linear time variation of surface heat fluxes represents the upper
bound for two given end points. Determination of the slope of this variation will
be discussed in the next section. It follows immediately from Eq. (3) that a lower
bound of ·q variation will give a lower limit of heat production rate while an
upper bound of ·q variation will yield an upper limit.

III. HEAT PRODUCTION RATE WITIDN THE MOON
The surface of the moon is dominated by impact craters. In contrast to Mars
and Mercury, there are no comparable large-scale features such as deep troughs
or large lobate scarps indicative of major episodes of large compressive or tensional stresses, at least not since the end of heavy bombardments. Even though
small scale features such as mare ridges and linear rilles do exist, they are generally believed to be related to local cooling and subsidence of mare basalt units
rather than to a global pattern of tectonic stresses (Bryan, 1973). Since the amount
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of expansion or contraction as indicated by faulting on the surface is very small
for the moon, its volume cannot have changed greatly in the past 3 b.y. or so.
Certainly, it is unlikely that it will exceed the 1-2 km radius change determined
for Mercury (Strom et al., 1975; Solomon, 1977). Furthermore, based on the
chronology of the lunar igneous activity and model ages of lunar rocks (see Toksoz et al., 1978 for references), the early lunar history is characterized by large
scale differentiation and followed by episodes of basalt flooding in mare basins.
However, these events only lasted up to about 3 b.y. ago. The failure to discover
lunar igneous rocks younger than about 3 .1 b. y. implies the absence oflarge scale
partial melting in the upper mantle during the past 3 b.y. All these evidences
indicate that the moon must have been cooling throughout this time. Therefore,
it is apparent that if the lunar volume has changed in the past 3 b.y., it must have
contracted. However, its radius cannot have been reduced by more than 1 or 2
km. Utilizing appropriate physical parameters as given in Table I, this implies an
averaged lunar interior temperature reduction of no more than 60°K over the past
3 b.y. The associated maximum total internal energy loss is about 4.2 x 1034 ergs.
The Apollo program has carried out a number of heat flow measurements on
the moon. The present-day averaged heat flow value is found to be about 18 ergs/
cm 2-sec (Langseth et al., 1976). As discussed in the previous section, the lower
bound of heat production rate can be determined by assuming that the lunar
surface heat flow has remained constant at this value over the past 3.2 b.y. In
order to determine the upper bound, a numerical value of surface heat flow at 3.2
b.y. ago is necessary. Since there are no data available, one must rely on geological data to make estimations.
In order to estimate heat fluxes, it is necessary to determine the depth of a
given temperature. Thus, the study of lunar basalt and its source parameters will
be extremely helpful. Apollo 15 samples represent the lunar basalt extruded during the later stages of the lunar igneous activity. Some of these samples have
been studied by Walker et al. (1977). Generally, these basaltic rocks are believed
to be derived from a source of about 1300°C and at a pressure of 10 kbar. This
corresponds to a depth of about 185 km. Model ages of the Apollo 15 rocks are
found to be approximately 3.2 b.y. before the present (Wasserburg and Papanastassiou, 1971).
Based on these arguments and assuming a linear thermal gradient, it follows
that lunar surface heat flux at 3.2 b.y. ago was about 30 ergs/cm 2-sec. Using this
implied heat flow value together with the present day value, the linear time variation of lunar surface heat flux can be determined. Consequently, the bounds on

Table 1. Physical parameters.

density p
specific heat at constant volume Cv
coefficient of thermal expansion a
lunar radius

3.3 gm/cm 3
10 7 ergs/gm-°K
3 X 10-5 °K- 1
1740 km
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the heat production rate within the lunar interior can be calculated according to
the model given in previous sections.
Figure 1 shows the calculated time integral of the lunar heat production rate
over the past 3.2 b.y. as a function of radius change. The solid line indicates the
upper bound while the dashed line represents the lower bound. Our result indicates a linear decrease of heat production rate as the shrinkage of the planet
increases. This implies that more heat generation is needed in order to keep the
planet from contracting. If the radioactive element abundances are assumed to
be of the same proportion as that given in Toksoz et al. (1978), the maximum
concentration in parts per billion (ppb) as a function of volume change is plotted
in Fig. 2. Again, it shows that internal heat production decreases as the planetwide contraction increases.
The heat flow measurements carried out during the Apollo project vary from
14 to 21 ergs/cm 2-sec (Langseth et al., 1976). Since the data base is small, it is
difficult to determine a mean value that is the most representative of the global
average. Lacking such information, we proceed to investigate the sensitivity of
our solution to the various present day surface heat flow values (Fig. 3). Results
indicate that a higher mean surface flux yields a higher heat production in the
past 3 b.y. However, given the range of the heat flow values available, the heat
production will not vary by more than 20%.
Figure 4 shows the averaged present day uranium concentration as a function
of the present day surface heat flow values for various magnitudes of radius

50.-----,r----,-----,-----.

r<">E
u

'

V,
(1)

Q
'Q

--- --- -- ----

30

><

0

------

20.___ ___._ _ ___.__ _ ____,___ _ _....,
0

-I

-2

RADIUS CHANGE in km

Fig. 1. Total heat production over the last 3 billion years is plotted as a function of
radius contraction. The averaged present day surface heat flux is taken to be 18 ergs/
cm 2-sec. The solid line is the upper bound of the total heat production while the dashed
line represents the lower bound.
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Fig. 2. Present day uranium concentration is plotted against radius contraction. The
proportion of radiogenic isotopes is assumed to be as follows: K/U = 2000; Th/U =
3.6. The averaged surface heat flux is taken to be 18 ergs/cm 2-sec. The solid line is the
upper bound of the uranium concentration while the dashed line is the lower bound.
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Fig. 3. Total heat production in the past 3 billion years is given as a function of the
averaged present day surface heat flux, assuming that the radius of the moon has not
changed over the same period of time. The solid line is the upper bound while the
dashed line represents the lower bound.
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Fig. 4. The mean present day uranium concentration is plotted as a function of the
averaged present day surface heat flux for three different values of radius contraction.
The present day uranium concentration as predicted by equilibrium assumption as a
function of surface heat flow is also given by the curve denoted by "E".

change of the planet. The present day uranium concentration as predicted by
equilibrium assumption as a function of surface heat flux has also been plotted
in this diagram denoted by "E". If the mean global heat flux at present can be
represented by 18 ergs/cm 2-sec, our calculated results indicate that the heat
production rate predicted by equilibrium assumption will be overestimated by 10
to 20 percent.

IV. DISCUSSION AND CONCLUSIONS
A new approach has been presented to estimate the bounds of the heat production
rate within planetary interiors. This approach is developed based on the first law
of thermodynamics together with some constraints implied by surface features of
planetary objects. Basically, a planetary body expands or contracts as a response
to the variation of its internal energy. Consequently, surface observations will be
able to describe the time variation of a planetary thermal state which is related
to the internal heat production rate of the object. Since this approach is somewhat
sensitive to surface interpretations, it is believed that more accurate estimations
can be obtained if the chosen time interval of integration represents a period of
either monotonic expansion or contraction. This is mainly because that the
L.H.S. of Eq. (3) only gives the energy or volume change between two end
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points. Any complex variation between the two end points will not be resolved
by the integral formulation derived in this paper. Therefore, in order to achieve
better accuracy, efforts should be made to choose an interval of monotonic expansion or contraction for time integration. Based on geological chronology studies, this time interval of monotonic volume change can be determined with relative ease.
In the model presented in this paper, the heat producing elements have been
assumed to be uniformly distributed within the spherical object. In principle, the
space distribution of heat sources should not affect our solutions since we are
only interested in the integral properties. However, because of the way the surface heat flux at 3.2 b.y. ago is approximated, the distribution of heat sources
does enter the problem. The temperature profile within a conducting spherical
shell of no heat sources and bounded by two different temperatures is proportional to 1/r. If heat sources are present, temperature distribution within a spherical shell will deviate from the 1/r relationship and become convex upward depending on the heat source strength. In determining the lunar surface heat flux
at 3.2 b.y. ago, a linear thermal profile has been assumed in our calculation. This
assumption implicitly implies the presence of heat sources within the spherical
shell. A posterior check shows that the heat source strength determined by our
model does indeed give the same amount of surface heat flux as that approximated
by a linear thermal profile. In this paper, the assumptions of uniform heat source
distribution and linear thermal profile are chosen mainly for mathematical simplicity. These assumptions can be relaxed without major difficulties, however, if
the problem is to be solved using numerical techniques.
This new and independent approach has been applied to estimate the heat
production rate within the moon. Assuming that the mean lunar surface heat flow
is 18 ergs/cm 2-sec and the lunar radius has remained constant in the past 3 b.y.
or so, the total heat production within the moon over this period of time is
calculated to be between 30-40 x 10 10 ergs/cm 3 • This is equivalent to a present
day uranium concentration of 35-50 ppb if the radiogenic isotopes are of the same
proportion as that given by Toksoz et al. (1978). This approach is not immediately
applicable to other terrestrial planets, however, due to the lack of data. Without
in situ measurements and sample return, it is impossible to establish heat flow
values in the histories of Mercury and Mars. Lacking such information, the
bounds of heat production rate within these two planets cannot be determined.
Even though some control can be established about the terrestrial heat flow in
the past using petrological data, the approach is not quite suitable for the earth
either, because its radius change cannot be determined by surface observations
due to the active plate tectonics. Although the moon is the only planetary object
to which this new approach is applicable at the present, the technique proves to
be useful in that it provides an independent estimation of the heat production rate
within planetary interiors. It is believed that it will have wider application as
more data become available in the future.
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