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Abstract-Conditions required for the early growth of planetesimals through their mutual collisions
are investigated numerically with a Monte Carlo technique developed by the author. Four types of
collisions (rebound, erosion, catastrophic break-up and coagulation) are taken into account. Mean
random velocity is assumed to vary with time so as to be proportional to the cube root of the mean
mass of the mass-distribution spectrum. Growth of km-sized planetesimals is shown to occur only
when they have the mechanical properties similar to iron meteorites, if the initial mean random
velocity is about 6 times the escape velocity of the initial bodies or larger. The formation time of
several hundred-km sized planetesimals is much longer than that reported by Greenberg et al. (1978)
even for this most efficient accretion case. Temporal variation of the mean mass, m * (=
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m n(m) dm/
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n(m) dm, where m0 is the mass of the initial bodies) is approximately expressed

by m * = m0 exp (S t/T), where S, t and T are the sticking probability, elapsed time and initial mean
collision interval respectively.
The implication of this study is that planetesimals accrete heterogeneously due to a difference in
their respective mechanical properties; for the inner planets iron first and silicate second; and for the
outer planets silicate first and ice second.

INTRODUCTION
General aspects of the early growth of planetesimals (produced by gravitational
instability (Goldreich and Ward, 1973)) through their mutual direct collisions have
been studied by several authors (Hartmann, 1978; Greenberg et al., 1978; Matsui,
1977, 1978). However, whether or not such bodies can grow through their mutual
collisions is still an open question, although Greenberg et al. (1978) have reported
that collisions beginning with 1-km sized bodies rapidly (within ~10 4 years) produce a substantial number of ~500-km sized bodies without an ad hoc sticking
mechanism. However, they have studied the case suitable only for accretion of
1-km sized bodies after collision. For example, either if we change the parameter
values adopted by them a little bit within their ambiguity range, or if we take into
account an effect of statistical dispersion of random motions, it is shown that the
outcome of collisions between 1-km sized bodies could fall into the region of no
growth (Matsui, 1979, in prep.).
1881
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Collisional evolution of several-km sized bodies through their mutual direct
collisions is basically dependent on magnitude of random motions, mechanical
properties such as mechanical strength, coefficient of restitution, fraction of the
impact energy delivered to the shattered body, and brittle-ductile property, surface properties, shape, and mass-ratio of impacting bodies (Matsui, 1977, 1978;
Matsui and Mizutani, 1977; Hartmann, 1978; Greenberg et al., 1978). Several
theoretical and numerical works on statistical behavior of planetesimals have
been developed recently (Matsui and Mizutani, 1978; Nakagawa, 1978; Kaula,
1979; Wetherill, 1979). Among them, Nakagawa (1978) has studied more generally
and in more detail the statistical behavior of planetesimals, although he did not
take into account a drag force due to fragmented small particles as proposed by
Greenberg et al. According to him, eccentricities and inclinations of several-km
sized planetesimals are typically of the order 10-3 , when the sizes of planetesimals
are all the same, and both diffusive effect of gravitational scattering due to mutual
encounters and damping effect due to gas drag force are balanced. Gas density
of the primitive solar nebula was assumed to be 5.7 x 10- 9 g/cm 3 in the earth
region. This means that the initial random velocities of planetesimals are about
10- 3 times the Kepler orbital velocity, or about 30 m/sec. If the mass of initial
planetesimals produced by the Goldreich and Ward (1973) gravitational instability
is 10 18 g, the initial random velocity corresponds to about 6 times the escape
velocity of the initial bodies at the present earth orbital distance. If we can apply
this mean random motion to the early collisional evolution stage as the initial
mean random velocity of 10 18 g planetesimals, what types of collisional evolution
for these bodies could we expect? Also, what conditions are required for the
rapid growth of 10 18 g planetesimals? To investigate these problems we conducted
a numerical simulation of collisional evolution of planetesimals, using a Monte
Carlo technique developed by the author (Matsui, 1977; 1978).
Since mechanical properties such as those listed in Table 2 and low-velocity
impact phenomena have not been fully understood so far, changing the quantities
related with such properties parametrically is the only possible way to study these
problems. Recent development in research on iron meteorities, however, have
revealed the possibility that there might exist primitive iron meteorites [i.e., a
group IV B iron meteorite which is shown to be composed of the direct condensate of Fe-Ni alloy from the solar nebula gas (Kelly and Larimer, 1977)]. Thus,
we can reasonably assume that there might have existed planetesimals with various mechanical properties. This also seems to be supported by the photometric
observation of the asteroids, in which the asteroids are classified into broadly
defined compositional types such as C (carbonaceous), S(silicaceous), M(metalrich) and E(metal-free) (Zellner and Bowell, 1977).

Assumptions and initial condition
Assumed initial conditions of the solar system and mechanical properties of planetesimals are summarized in Table 1 and 2. One of the most important physical
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Table 1. Initial conditions.

0.85 AU - 1.23 AU

Proto-earth orbit region
Total mass in the proto-earth orbit region
Total number of the initial bodies
Mass of the initial bodies
Space number density, d
Mean eccentricity and inclination, i
Mean random velocity, v0

102s g
1010
101s g
-1.2 x 10- 27 cm- 3
10-3

3 x 10 3 cm/sec
hasalt = - 1.5 X 10 15 cm
Tweak= 7.2 X 10 3 years
Tbasalt = 1.5 X 10 4 years
Tiron = 2.9 X 10 4 years

Mean free path, l(=(d · cross section)- 1)
Mean collision interval, T(=l/v 0

Table 2. Mechanical properties of planetesimals. (All units are CGS).

Coefficient of restitution for
elastic rebound, k 1
Coefficient of restitution for
rebound with cratering, k 2
Density, p
Minimum shattering energy, E
Maximum velocity for elastic
rebound, Vb
Minimum velocity required for
shattering small body, V c
Minimum ejecta velocity for
cratering, V r
Mass excavated coefficient, K
Coefficient of minimum ejecta
velocity for shattering, F

Iron meteorite-like
material

Weak
material

Basaltic
material

0.1

0.86

0.5

0.1

0.01

0.86

0.1

0,01

1.0

104

3

101

2

8

109

8

109

100

4000

40000

40000

316

6320

50000

50000

756

4890

50000

50000

10-s

10-9

0.5

0.5

8 X 10-io
0.5

8 X 10-to
0.5

quantities is time, and in this study we use a mean collision interval defined by
the following equation as the time scale.
T

= {(number density) x

(cross section) x (relative velocity)}- 1

(1)

Considered collision types are (i) pure rebound, (ii) rebound with fragmentary
chips, (iii) catastrophic disintegration of smaller bodies and cratering of larger
bodies, (iv) catastrophic disintegration of both bodies, and (v) accretion (either
coagulation of both bodies or mass gain of larger bodies). For more detail, see
Matsui (1978). Accretion is assumed to occur either when the separation velocity
is smaller than the mutual escape velocity for cases (i) and (ii), or when the total
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mass of escaped debris is smaller than the projectile mass (mass of the smaller
body) for cases (iii) and (iv).
Random velocity distribution is given by a Gaussian-type distribution (i.e.,
dispersion is equal to mean random velocity). Mean random velocity is assumed
to vary with time*, so as to be proportional to the cube root of the mean mass
of planetesimals, m,
v

=

/3ve

=

/2Gm
/3-y-_r

ex:

m 113

(2)

m

= { m n(m) dm/ f

_
r

3 -)
= ( --m
411-p

00

JMo

JMo

00

n(m) dm,

l/3

where /3 is proportionality constant, M0 is the minimum value of mass range and
n(m) is the incremental number of bodies within the mass range from m to m +
dm.

Calculation technique
Assumptions made in this simulation are as follows: (1) the ensemble of colliding
bodies occupies a fixed volume; (2) only two-body collisions occur; (3) as a result
of collision, there occurs some collision type as mentioned in the previous section;
(4) bodies and their fragments are spherical and have the same material density;
(5) the masses of the particles lie in a specified range, M0 < m < 00 ; and (6)
fragments with masses less than M0 are immediately removed from the system
and do not take part in subsequent collisions. Calculation steps are summarized
briefly as follows:
1. The first step is to compute the collision probability of any pair of bodies
in the system using a particle-in-a-box approximation, and then the collision
*Readers may question whether or not this assumption is sound. The mass-distribution is roughly
approximated by the o-function type distribution during the evolutionary stage with which this study
is concerned. Nakagawa (1978) derived the temporal variation of the mean random velocity, v(t) 10-8 vkepterm(t) 4115 , when the mass-distribution was given by the o-function type distribution. However,
since he did not take into account a drag force due to fine particles as proposed by Greenberg et al.
(1978), there still remains uncertainty about this equation. Qualitatively, the mean random velocity
decreases with increasing density of gas and fine particles. Thus we assumed such a temproal variation
of the mean random velocity as equation (2). One reason why we used the index 1/3 instead of 4/15
is to take into account the effect of fine particles. Also, readers may not be familiar with the notation
/3. Usually 0 (= 1/(2/3)2) have been used as a standard notation following Safronov's (1972) notation.
The reason why we used f3 is that we adopted the escape velocity of the bodies with the mean mass
m in this study. On the other hand the escape velocity of the largest body was used in Safronov's
definition.
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probability line is determined by summing the individual collision probabilities (atotal = IiIPu);
2. A random number between O and 1, which is assumed to be uniformly
distributed, is generated. Since the length of the collision probability line is
equal to 1 (as the individual collision probability is normalized by the total
collision probability), the segment on the line assigned by the random number gives a pair of bodies which collide;
3. Once the collision pair is chosen, a random number is generated which
obeys a Gaussian-type distribution, with specific mean and dispersion. Using this random number as the normalized relative velocity, we decide on
a type of collision following the criteria mentioned before (see Matsui, 1978);
and
4. The final step is to calculate a new mass distribution. Then we return to the
first step.
In each numerical step only one collision of a randomly chosen pair is assumed
to occur, so that the waiting time, Lit, between collisions is given by Lit = 1/a total•
If Lit is incremented, it gives a measure of the time elapsed since the beginning
of the process. Lit for the initial mass distribution is related to the mean collision
interval T as follows:
(Lit)initial = r/initial total number.

(3)

Uncertainties accompanied by the calculation technique
Because of the restriction of the computational time, we cannot take into account
a mass range wide enough, and initial total number large enough, for simulation.
Uncertainties accompanied by these restrictions might be most serious ones,
because the mass-distribution spectrum of debris should naturally be extended
to the infinitesimal mass range, and also the assumed initial total number could
be much smaller than that of the real case. In Fig. 1, the temporal variation of
the mean mass of planetesimals, m

=

f

00

10-2m 0

m n(m) dm/1

00

o-2m 0

n(m) dm, is plotted

to show the effect of differences in the minimum value of the mass range. The
mean mass, m, is normalized by the mean mass, m 0 , of the initial mass-distribution spectrum, and the time is normalized by the initial mean collision interval,
r. In this model the bodies are initially of all the same mass, and mechanical
properties are like that of the weakly-bonded bodies. Solid circles and cross
marks represent the models with 10-3m 0 and 10- 2 m 0 as M 0 , respectively, where
M 0 is the lowest limit of the specified mass range and m 0 is the mass of the initial
bodies. Differences in the models are only for M 0 , so that from this figure we
can infer the effect of the difference in M 0 on the temporal variation of the mean
mass. As is clearly seen in this figure, the temporal variation does not differ
significantly in either model. It is also shown that the collisional evolution of the
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Fig. 1. Temporal variation of the mean mass of planetesimals for the weak models. The

mean mass and time are normalized by the mean mass of the initial mass-distribution
spectrum and the initial mean collision interval, 'Tweak, respectively. Solid circles and
cross marks represent the models with the lowest limit of the specified mass range, 10- 3
m0 and 10- 2 m0 respectively. Note the effect of difference in the lowest limit on the
temporal variation of the mean mass.

mass-distribution spectrum is less affected by the adopted M 0 values, if there
remains enough total mass within the specific mass range (i.e., 50% or more of
the initial total mass). Figures 2(a) and 2(b) show the effect of the difference in
the initial total number on the temporal variation of the mean mass and the
evolution of the mass-distribution spectrum. Solid and open circles and cross
marks represent the models with 10 5, 10 3 and 10 4 initial total numbers respectively.
In Fig. 2(b) the ordinate is the incremental number of bodies within the mass
Fig. 2. (a) Temporal variation of the mean mass for the weak models. Solid and open
circles and cross marks represent the models with the initial total number of bodies, 105,
10 3 and 10 4 respectively. The lowest limits of the mass range for the models are all the
same, 10- 2 m0 • Note the effect of difference in the initial total number of bodies on the
temporal variation of the mean mass. (b) Collisional evolution of the mass-distribution
spectrum. The ordinate is the incremental number of bodies normalized by the initial
total number, and the abscissa is the mass normalized by 10- 2 m0 • Note the effect of
difference in the initial total number of bodies on the collisional evolution of the massdistnbution spectrum. Numbers in the figure represent the time, th weak·
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range from m tom+ dm normalized by the initial total number, and the abscissa
is the mass normalized by 10~ 2m0 • Even if we change the initial total number, we
can keep the space number density to be the same (it means that the volume in
which planetesimals are contained is assumed to be proportional to the initial
total number). Thus, physical quantities, such as time scale, are kept unchanged
during the simulation. Accuracy gets worse if we start from the small initial total
number, because of the rapid breakdown of the ''particle-in-a-box'' approximation. However, the difference in the initial total number does not significantly
affect either the temporal variation of the mean mass or the evolution of the massdistribution spectrum of planetesimals, as is seen in Figs. 2(a) and 2(b).

Numerical results
Models: In this simulation, all models have the same initial mass-distribution
spectrum, that is, the planetesimals are initially of all the same mass. Mechanical
properties of the planetesimals are tabulated in Table 2. For the relative velocity
distribution, /3 in eq. (2) is assumed to be constant with time in all models, ~6,
but v is assumed to vary with time so as to be proportional to the mean mass,
as is shown in Fig. 3. The models are called hereafter the weak, basalt, and iron
1 and 2 models depending on the mechanical properties of planetesimals.
Numerical results: The temporal variation of the mean mass for the weak, basalt
and iron 1 and 2 models is summarized in Fig. 4. Time and mean mass are
normalized respectively by the initial mean collision interval of the basalt model,
Tbasalt, which is about 1.5 x 10 4 years, and the mean mass of the initial massdistribution spectrum, m 0 • As is clearly seen in the figure, there occurs no increase of the mean mass except for the iron models. Fragmentation occurs more
frequently in the weak and basalt models. However, this does not mean that none
of the bodies can gain mass during the initial mean collision interval, even for
these models. Some of the bodies can gain mass. For example, if we take the
mean mass defined by m *

=

1:

m n (m) dm/

1:

n(m) dm as the ordinate, curves

of the weak and basalt models are almost similar to that of the iron 1 model since
m* is equal to m in the iron models. The increase in rate of m * in these models
is much smaller than that of the iron 1 model because of the lesser sticking
probability. Sticking probabilities of the iron 1 and 2 models are ~0.25 and ~1.0
respectively: 1.0 means 100% coagulation after collision occurs. Temporal variation of the mean mass for the iron models is shown in more detail in Fig. 5.
Solid lines and dotted lines are plotted against m Imo and ln(m /m 0 ) respectively.
Time is normalized by the initial mean collision interval of the iron models, Tiron·
Dotted lines are approximately expressed by the linear relation, which is
(4)
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Fig. 5. Temporal variation of the mean mass for the iron models. Time is normalized by
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where tis elapsed time and Sis a numerical constant which is proportional to the
sticking probabilities of each model. Using this relation, we can infer the formation
time of several-hundred-km-sized planetesimals to be at least larger than ~4 x
10 5 years even when S = 1. This estimate gives the most rapid formation time
from the point of view of the accretion.
Collisional evolution of the mass-distribution spectrum for the weak model was
shown in Fig. 2(b). Slopes of the distribution for smaller masses do not vary
significantly with time and they are approximately -0.9, which is a typical value
for the fragmentation-dominant case (Matsui, 1977, 1978). Collisional evolution
of the mass-distribution spectrum for the iron 2 model is shown in Fig. 6. The
ordinate is the cumulative number N(m), normalized by the initial total number
(N (m)

=

l

00

n(m) dm). Mass is normalized by the mass of the initial bodies.

Numbers in the figure represent the time, tfriron• Slopes of the distribution for
smaller masses gradually approach -0.5 which is one of the typical values for
the coagulation-dominant case (Zvyagina and Safronov, 1972; Matsui, 1978; Nakagawa, 1978). Collisional evolution of the mass-distribution spectrum for the iron
1 model is almost the same as that shown in Fig. 6, but time is about 4 times
larger than that of the iron 2 model.

Discussion
It is shown that rapid growth, such as reported by Greenberg et al. (1978), does
not occur except for the iron models, under the assumed conditions when the
initial mean random velocity is about 6 times the escape velocity of the initial
bodies. Although mean random velocities and mechanical properties used in this
study are not exactly the same as the values adopted by Greenberg et al., the
results should be comparable with those derived by them. Comparison of these
two studies implies that whether or not the weakly bonded bodies can grow
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through their mutual collisions is very much dependent on the temporal variation
of the mean random velocity, the adopted values of the coefficient of restitution,
and the fraction of impact energy transferred to the kinetic energy of fragmental
debris (Matsui, manuscript in preparation). For example, if mean random velocity
were assumed to decrease sufficiently with time (smaller by factor ~¼ than the
values for the weak model in Fig. 3), growth eventually occurs even for the
weakly bonded bodies, as is shown in Fig. 7. However, the formation time of
several hundred-km sized bodies is much longer than the time ( ~10 4 years) reported by Greenberg et al. in this case. Therefore, at first we need to discuss the
temporal variation of mean random velocity used in this study, since mechanical
properties of planetesimals have not been investigated very well and are, thus,
rather speculative.
Collisional evolution of the mass-distribution spectrum and the relative velocity
distribution of planetesimals must be naturally coupled, so it is meaningless to
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Fig. 6. Collisional evolution of the mass-distribution spectrum for the iron 2 model. The
ordinate is the cumulative number normalized by the initial total number.

© Lunar and Planetary Institute • Provided by the NASA Astrophysics Data System

1979LPSC...10.1881M

1892

T. Matsui

101-----------------""T"'""--------,----,----,

(/)
(/)
<(

z

<(

w

o. 1

Q.01'-----------'--------..________..,______,
10
100
TIME
Fig. 7. Temporal variation of the mean mass for the weak model, whose mean random

velocity decreases with time much more than that shown in Fig. 3

study each of them separately. However, it is very difficult to take both of them
into account simultaneously, although Greenberg et al. (1978) tried to do it. The
only way we can do it is to assume the temporal variation of either the massdistribution spectrum or the relative velocity distribution, and to then study the
other in more detail. The plausibility of the assumptions made in this study,
concerning the temporal variation of the mean random velocity, is mostly dependent on whether or not the mass-distribution spectrum changes significantly
within the time, Tbaiance, which is the time required for the equalization of the
diffusion time-in which the planestesimals diffuse in the phase space through
mutual encounters-and the decay time-which characterizes the damping effect
due to gas drag force. This is because it is assumed in this study that the mean
random velocity will vary with time, so as to be proportional to m 113 • It means
that mass-distribution does not differ rapidly from the o-function type of distribution o(m) as a whole, and the balance between the diffusive and damping effects
could be achieved immediately following the evolution of the mass-distribution
spectrum. Tbalance inferred from the assumed conditions is about 10 4 years. In
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most cases, except for the weak models, m varies with times greater than 104
years, as was shown before. Therefore, the assumed temporal variation is considered to be plausible. For the weak models, however, m varies more rapidly
with time as was shown in Fig. 2(a), so that in these cases we should consider
the mean random velocity to be rather constant. If so, fragmentation might occur
more frequently, and the growth of weakly bonded bodies cannot, therefore, be
expected. Therefore, for the growth of the bodies with weakly bonded-like mechanical properties, it may be necessary to introduce a very low coefficient of
restitution, k, and also a very low fraction of impact energy to be transferred to
the kinetic energy of fragmental debris, F, such that k = 0.01 and F = 0.01 as
was assumed by Greenberg et al. We cannot discuss the veracity of these values,
since we do not have any experimental data concerning these quantities. However, judging from the mechanical properties of primitive carbonaceous chondrites, these values might not be as small as 0.01 (Matsui, 1979).
It seems to be reasonable to consider the existence of iron meteorite-like planetesimals as being important in the formation of the terrestrial planets. Kelly
and Larimer (1977) have reported that, based on the composition of the metal
phase, Group IV B in the iron meteorite group might be composed of direct
metal condensate occurring at 1270°K (at P 1 = 10- 5 atm). In addition, observation
of asteroids with surface properties such as the C-type, S-type and M-type (Zellner and Bowell, 1977) shows that there exist asteroids with different mechanical
properties. Since a view that asteroids might be remnants of either proto-planetesimals or fragments of parent bodies is widely held, there would be no reason
to deny the possibility that there existed planetesimals with various mechanical
properties at the time of accretion of the planets. These observations seem to
confirm the plausibility of our assumption. In this case, as was shown in the
previous section, only iron-like planetesimals can grow through their mutual collisions.
It is also suggested that, depending on the rate of dissipation of the dense solar
nebula gas, mean random velocity should increase gradually since damping effect
decreases. According to Nakagawa (1978), the mean random velocity would increase approximately tenfold if the nebula gas density decreases by 10-s. This
condition is very favorable for the growth of iron-like planetesimals (in this study
gas density is assumed to be 5.7 x 10- 9 g/cm 3 at the present earth orbit distance).
In this context, whether or not there exist dense gases during the collisional
evolutionary stage of planetesimals is of importance. If solar nebula gas dissipates
with mass-loss during the T-Tauri stage, the timing of the dissipation might be
~10 7 years after the formation of the proto-sun. On the other hand, typical timescales of the condensation process, sedimentation process, and gravitational instability process are ~10 3 , ~10 7 and 10 1 years respectively (Matsui and Mizutani,
1979). Thus, at the collisional evolutionary stage, the dissipation of the solar
nebula could be expected to commence. Even if the dissipation does not begin
at the early stage of the collisional evolution, the growth of weakly bonded and
basaltic bodies is slow enough to await the beginning of the dissipation. These
situations suggest the introduction of some nucleating agents, such as iron me-
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teorite-like planetesimals, rather than assuming very low k and F values for the
weakly bonded-planetesimals. This leads us to the fascinating hypothesis that
planets accrete heterogeneously due to the difference in mechanical strength of
planetesimals; for the terrestrial planets, iron being the first and silicate the second, and for the giant planets, silicate being the first and ice the second. This
also explains why the minor planets are minor, because even if there existed iron
meteorite-like planetesimals around the present asteroid region, their temperature
is too low for them to be ductile. Therefore, they had already experienced fragmentation (Matsui and Mizutani, 1977). Thus, if the initial space number density
of materials, CT(r), of the solar system was distributed as CT(r) oo c 312 (Cameron
and Pine, 1973), it would approach the present observed CT(r) distribution (low CT
in the asteroid belts) by this hypothesis.
The recent report of the Pioneer-Venus mission, however, revealed that the
atmosphere of Venus had retained much 36Ar-100 times more abundant than
that of the earth's atmosphere. If this observation were correct, it may mean that
Venus retained the remnant of the solar nebula gas. It seems to imply that the
environment of the accretion stage of the terrestrial planets is completely different
for each of them (Shimizu, 1979).

Conclusions and implications
The conclusions derived from this study are summarized as follows:
1. The growth of km-sized bodies occurs under the assumed initial mean random motions, when bodies have the mechanical properties of iron meteorites. The formation time of several hundred-km sized bodies is approximately 10 Tiron, where Tiron is the initial mean collision interval.
2. The temporal variation of the mean mass, m * is approximately expressed
by
m* = m0 exp (S t/T)

L
00

where

m*

=

m n(m) dm/

0

L
00

n(m) dm

0

m 0 : mass of the initial body
S : sticking probability
t : elapsed time.
3. The growth of km-sized bodies with weakly bonded-like mechanical properties occurs only when the mean random velocity decreases quickly with
time and the decrease is sufficiently large. The formation time in this case
is much greater than 10 Tweak•
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An implication of this study is that planetesimals accrete heterogeneously, due
to a difference in their mechanical properties, for the inner planets, iron being
the first and silicate the second, and for the outer planets, silicate being the first
and ice the second.
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