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Aggregation of Grains in a Turbulent Pre-solar Disk 

Bernhard Wieneke and Donald D. Clayton 
Department of Space Physics, Rice University, Houston, Texas 77251 

The growth and evolution of grains in the protostellar nebula is investigated within the context of turbulent 
low-mass disk mcxlels developed by previous investigators. Because of grain collisions promoted by the 
turbulent velocities, particles aggregate to millimeter size in times of order 103 yrs. During the growth the 
particles acquire a large inward radial velocity due to gas drag (Weidenschilling, 1977) and spiral into the 
sun. The calculations indicate that the final size of the particles does not exceed a few centimeters. This result 
is not very sensitive to the specific nebula parameters. For all conditions investigated it seems impossible to 
grow meter- or kilometer-sized bodies that could decouple from the gas motion. An additional argument is 
given that shows that only particles smaller than centimeter size can survive drift into the growing sun by 
being transported radially outward by turbulent mixing. This agrees well with the maximum size of 
inclusions and chondrules. Since sedimentation of grains and subsequent dust disk instability is effectively 
inhibited by turbulent stirring, the formation of planetesimals and planets cannot be explained in the above 
scenario without further assumptions. 

I. INTRODUCTION 

In a turbulent pre-solar disk, turbulent viscosity provides a means of transporting angular 
momentum radially outward. Mass flows inward in the inner part and outward in the outer part of 
the disk. Turbulence is probably driven by a meridional circulation current ( Cameron, 1978) or by 
a convective instability in the radial direction or in the direction parallel to the axis of rotation 
(Cameron and Fegley, personal communication; Lin, 1981). As long as turbulent transport is 
efficient enough, the disk mass never exceeds a few percent of the solar mass. Lynden-Bell and 
Pringle (1974) and Lin and Bodenheimer (1982) have shown that the inner region of the disk 
evolves toward a quasi-steady state with an inward mass flux changing on a timescale of R 2 Iv ~ 
105 -106 yrs ( v = turbulent viscosity, R = radius of disk), which is considerably larger than the 
other dynamical timescales [the turbulent coherence time (~ 10-100 yrs) or the time for 
establishing hydrostatic equilibrium in the vertical direction(~ few yrs)]. 

The disk is heated by energy dissipation due to viscious friction, but only in about the 
innermost 1 AU is the temperature above 1000 K. It falls off rapidly with radial distance from the 
protosun. Therefore in most parts of the disk we expect the condensable matter to reside in the 
form of solids. 

Because of turbulent convection, particles are mixed throughout the disk. In superposition 
they have a systematic drift inward owing to both the average inward gas motion and gas drag 
(Adachi et al., 1976; Weidenschilling, 1977). Condensable vapor is mixed outward from the 
innermost hot region, where grains evaporate partially or completely, and recondenses onto 
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existing grains or forms new grains by nucleation (Morfill, 1983; Cameron and Fegley, personal 
commmunication). Interesting chemical effects may result that might also explain the rim 
structure of chondrules and inclusions (Morfill, 1983). Further out in the disk, at lower 
temperatures, the situation is somewhat simpler. Neglecting the interaction of the grains with the 
gas phase, the main growth mechanism for grains is collisional aggregation promoted by 
turbulence-induced velocities. Using representative disk models developed by previous investi-
gators, we investigate the aggregation of grains in a region between 1 and 10 AU. We follow the 
growth and trajectory of a test particle by making further simplifying assumptions concerning the 
background size spectrum and its change with time. Our major conclusion, that particles larger 
than a few centimeters cannot be aggregated in the simple model adopted before radial drift takes 
them into the sun, has been reached by others (Weidenschilling, 1980; Volk, 1982; Morfill, 1983). 
Our purpose is to report the present status of our own calculations of the situation in a simplified 
way, in order that any relevance to the chondrule problem can be found within the present 
volume. It is our intent to later refine the calculations to a much more physically complete theory. 

II. MODEL 

A. Disk model 

We have used two different steady-state disk models as settings for our calculations. The first 
one is a minimum-mass disk by Weidenschilling (1980) calculated from the present distribution of 
mass in the solar system ( after adding the solar complement oflight elements to the planet masses). 
The surface density falls off in radial directions as R-u. At 1 AU the temperature is 600 Kand 
decreases with radius as R-1.o. The disk height is taken to be proportional to the radius. We used an 
inward mass flux in the inner disk of 10-6MJ'yr. 

The second model is a steady-state convective accretion disk model by Lin ( 1981 ). The disk 
is unstable to vertical convection. Turbulent convection, in return, is the cause for a viscous heat 
dissipation, which is the energy· source for the convection. Taking an inward mass flux of 1 o-6 

Me' yr the surface density is 320 g/ cm2 out to a radius of 6.9 AU where it drops to 40 g/ cm2 • This 
discontinuity is due to a change in grain opacity at 160 K. It was assumed that the icy components 
of the grains evaporate at 160 K. This leads to a large drop in the opacity. The temperature falls off 
roughly as R--0·75 from 640 Kat 1 AU while the disk height increases as about R0·75• Both density 
distributions are illustrated in Fig. 1. 

The basic parameters of the two disks are summarized in Table 1. For both disks the total 
mass within 10 AU is less than 0.03 Mu We assume that the turbulent velocity is 0.3 c5 

( c5 = sound speed). 

8. Motion of grains 

As first reported by Whipple ( 1964) grains drift radially inward due to gas drag. This is due to 
the fact that the gas disk is partially supported by a radial pressure gradient. Thus the disk rotates 
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Fig. 1 Surface density vs. radius 
for the two disk models used in 
these calculations. 

with sub-Keplerian velocities, whereas solid bodies, which try to move on Kepler orbits, 
experience a gas drag and spiral toward the protosun. This has been calculated quantitatively by 
Adachi et al (1976) and Weidenschilling (1977). 

Also taking into account the average radial gas motion v8 due to viscous transport, 
v8 = F/21rRa (F = radial mass flux, a= surface density), we show in Appendix A that the 
radial drift velocity u of a particle is given to first order in t,,.g/ g by: 

Parameter 

T = ToCR/AUtT 

Vt/cs 

F[MJyr] 

= J.!:.j__[cm/sec] vr 21rRa 

*Weidenschilling (1980). 
tLin (1981). 

Table 1. Disk parameters. 

at 1 AU 
at 10 AU 

Model 1• 
-1 
600 

-1.5 
6,000 

0.125 

0.3 

112 
355 

Model 2t 
-0.75 
640 

0 

(1) 

320 for R > 6.9 AU 
40 for R < 6.9 AU 

0.75 
0.14 

0.3 
10-6 

2,100 
1,680 
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where .6.g is the "residual gravity" due to the pressure gradient, .6.g = I/ p dP / d R, g = GM/ R 2, 

and T and te denote respectively the Keplerian orbital period and the particle stopping time, 
te =F0 /mvrel (F0 = gas drag force, m = particle mass, vre, = particle velocity relative to gas). In 
the Epstein drag regime for small particles (:s;;l cm) of radius a and density Ps the stopping time is: 

t = Ps~ ' 
e pv 

(2) 

where p and v designate the gas density and the mean thermal velocity of the gas molecules, 
respectively. 

The drift velocity is a maximum(~ 104 cm/sec) at 2rrte/ T = 1, which corresponds to a 
particle size of about 1 m for the above disk models at 1 AU. For the much smaller particles in our 
calculations, the radial drift is increasing with particle sizes. 

Small particles with 2rr te/ T << 1 are closely coupled to the gas motion and drift inward to 
first order in t/T as: 

2rrte 
U = V -2.6_ V -- ' g T 

(3) 

where 6. v = I ~: I v cf> is the difference between the Kepler velocity V cf> and the azimuthal gas 
velocity. Large bodies (2rr t/T>> 1) decouple from the gas motion and move on only slightly 
perturbed Kepler orbits. 

Superposed on this systematic inward drift is the random motion due to turbulence. As long 
as the particle stopping time, te, is less than the turbulent coherence or mixing time, ri( rt = 
ltf vt' vt = turbulent velocity, /1 = size of largest eddy ~ miung length), the particle partakes in 
turbulent transport. 

The radial motion of the test particle is calculated according to eq. (1 ), excluding the random 
walk due to turbulence. This is a simplifying assumption that is not totally correct; nonetheless, our 
graphical results give a meaningful visual representation of grain growth. A more correct approach, 
as pointed out by an anonymous referee, would be to solve the coagulation equation in conjunction 
with the transport equation, as a coupled system, subject to the physical boundary conditions. 
Although we eventually hope to achieve this, our present simplified results are useful for their direct 
understandability. 

C. Growth of grains 

The growth rate due to collisional aggregation for a particle of radius a is given by: 

(4) 
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where Q, pd, and Ps denote the sticking probability, the nebular mass density in the form of grains, 
and the specific density of the solid particles, respectively. We assume that grains at a temperature 
below 160 K are composed of a fluffy mixture of icy and rocky materials. For simplicity we 
assume that all icy components evaporate at 160 K. In these two regions we use a specific density 
of 0.5 or 1.0 g/cm3 (Weidenschilling, 1980) and a mass ratio of grain to gas equal to 0.012 or 
0.0034 (Podolak and Cameron, 1974) for T < 160 Kand T>160 K, respectively. For simplicity 
we assume all background particles have the same size a0 , although we will make differing 
assumptions about that size. 

The relative velocity vrel between the test particle and the background particles is calculated 
by taking into account Brownian motion, differences in the drift velocities, and turbulence-
induced relative velocities. Brownian motion leads to a relative velocity between particles of mass 
m1 and m2 equal to: 

( 1 1 ) 1/2 
V =.../kT -+-

hr m1 m2 (5) 

The relative velocity due to different drift velocities is calculated by: 

(6) 

where the radial drift velocity u1 and the azimuthal velocity w 1 relative to the azimuthal gas velocity 
are given by eqs. (1) and (AlO), respectively. 

The turbulence-induced relative velocities have been calculated by Volk et al ( 1980) using a 
Kolmogoroff power spectrum for the turbulence. For equal-sized particles the relative velocity can 
be approximated by (Volk et al., 1980): 

(7) 

If the test-particle size a is larger than the background-particle size a0 the following expression is 
used: 

(8) 

where te is the test particle stopping time. For background-particle sizes less than about 1 cm this 
equation agrees within about 30% with the results of Volk et al (1980) displayed in their Fig. 2. 
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Fig. 2 Size of the text particle vs. 
radius using Weidenschilling's model. 
The background-particle size and 
the sticking probability are 1 µm 
and 0.1, respectively. The test par-
ticle starts out with 1 µmin size at 
4, 7, and 10 AU and with 1 cm at 10 
AU. The radial motion is approxi-
mated by the drift owing to gas 
drag. Curves Al and Bl show how 
large particles must be to either: 
(Al) begin minimizing radial drift 
resulting from gas drag; or (Bl) to 

10 decouple from the turbulence. 

The total relative velocity is given by vre1 = (vb/ + vd/ + vt/) 112• By far the largest 
contribution to vreI comes from turbulence. Brownian motion is negligible for particles larger than 
about O.lµm. For the above disk models vdr remains smaller than vtr for all particle sizes. 

III. RESULTS 

The size of the test particle and its radial position has been calculated by numerical 
integration of eqs. (1) and (4). The results are displayed in Fig. 2 using Weidenschilling's disk 
model. The size of the particle is plotted as a function of radial distance from the protosun for four 
different initial conditions. The particle starts with a size of 1 µmat 4, 7, and 10 AU and with 1 cm 
at 10 AU. The mean radial motion has been approximated by the radial drift from gas drag. The 
curve labeled Al shows the particle size appropriate to the condition 2 rr t/T = 1 ( i.e., when the 
particle has the maximum inward drift due to gas drag). Curve Bl indicates the size appropriate to 
the condition t/ Tt = 1. As long as the particle size is below curve Bl the particle is coupled to the 
turbulent motion. The calculations have been performed using a sticking probability Q = 0.1 and 
assuming a constant background particle size of 1 µm. Figure 3 shows the same calculations using 
Lin's disk. The numbers along one of the curves denote the time in years. At about 4 and 7 AU in 
Figs. 2 and 3, respectively, the temperature in the disk reaches 160 K. As mentioned before, we 
assume that the icy components evaporate at this point and the particle shrinks by about a factor of 
2. 

The results show that the particle grows rapidly from 1 µm to millimeter sizes in a few 
thousand years. The relative growth rate dlna/ dt becomes smaller as the particle size increases. 
This is expected by eq. ( 4) in view of eqs. (8) and (2), since te ex: a 112 and thus vtr a 112 and da/ dt 
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Fig 3. Same as Fig. 2 using Lin's 
model. The numbers denote the 
time in years. 

2S a 112 • In addition, once the particle grows to centimeter sizes it acquires a large inward drift due 
to gas drag. This explains that all trajectories converge at 1 AU to sizes in the centimeter range. A 
one-cm-sized particle at 10 AU drifts inward rapidly and differs in size at 1 AU only slightly from a 
particle that starts out with 1 µmat 10 AU. 

Since this calculation has not accounted properly for the random walk due to turbulence, the 
lower part of the curves should not be taken as actual trajectories; rather, they serve to define the 
timescale for growth up to centimeter sizes. Potentially, a small particle ( :::;1 cm) can be 
turbulently convected radially outward or inward over distances of 10 AU in about 1000 yrs. So 
the actual trajectory for small particles is chaotic and variable. The situation changes for larger 
particles because the large inward velocity resulting from the gas drag prevents them from being 
mixed outward. The limiting size for which particles can still be transported outward is of the order 
of 1 cm as the following argument shows. 

In a statistical ensemble description, turbulent mixing can be dealt with as diffusion with, 
according to the mixing-length theory, a diffusion coefficient identical to the turbulent viscosity 
v = 1/ 3 /1v1• In a simple one-dimensional model, assuming that particles of a certain size are 
produced at a certain radius R0 and have a systematic inward velocity u, then in the steady state 
the particle number density n for R > R0 can be calculated by equating the flux outward due to 
turbulent mixing with the inward flux due to the velocity u: that is, 

dn 
nu =-vdR (9) 

If u and v are constant, which is only approximately true in the disk, then n is proportional to: 

u u 3R exp(- - R) = exp (- - ---,- ). 
V Vt 't 

(10) 
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The mixing length /1 is comparable to the disk height H. If particles are to diffuse outward any 
appreciable distance, say R, we required that u/v1:::; 1/30, considering that H/r ~ 1/10. For the 
above disk models this condition corresponds to a particle size a :::; 1 cm. Since we neglected 
evaporation, recondensation of vapor, and growth of particles, this can only be a very rough 
estimate. But it is clear that such a limiting size must exist since the maximum inward drift velocity 
(~104 cm/sec) is of the same order as the turbulent velocity (1-3 X 104 cm/sec). 

Figures 2 and 3 show that the 1 AU particles have not grown to sizes above curve A and B, 
which would have been necessary for decoupling from the turbulent motion and the gas drag. 
Because the growth rate of centimeter-sized particles is small and because they cannot be 
turbule::tly mixed outward, they are expected to drift inward rapidly (1 AU/104 cm/sec = 48 
yrs) and evaporate at higher temperatures. 

This result is quite independent of the disk parameters. The size of the particles at 1 AU for 
Weidenschilling's disk is somewhat larger than in Lin's model because the gas density and hence 
the growth rate are larger and because the average inward gas motion is smaller. 

The calculations depend only weakly on the background-particle size (Fig. 4 ). The test 
particle has an initial size of 1 mm at 10 AU. For the upper curve we set the background-particle 
size equal to the test-particle size (i.e., we assumed that all particles evolved equally), whereas for 
the middle and lower curve we took a constant size of 1 mm and 1 µm, respectively. The final size 
of the particles at 1 AU differs only slightly. The difference is mainly due to a change in effective 
collisional cross section. 

The main uncertainty in the calculations lies in the sticking probability Q. Greenberg et al 
(1978) pointed out that gravity is ineffective for submillimeter-sized particles because the relative 
velocities resulting from Brownian motion alone exceed the gravitational escape velocity. 
Although the relative velocities from turbulence are not large enough to disrupt solids, they may 
disrupt grain aggregates. It is not yet clear whether particles stick at all upon colliding. It has been 
suggested that grains stick, for example, by electrostatic binding or cold welding. A reliable 
estimate of Q is not possible yet, but it might be very much less than unity. 

E 
0 ........ 
0 

104 

103 
B2 

102 
A2 

10 1 

10-I 

0 2 4 6 
R (AU) 

A2 
I:======= 

B2 

8 10 

Fig. 4 Using Lin's model. The 
background-particle size is lµm 
and 1 mm for the lowest curve and 
the middle one, respectively. It has 
been set equal to the test particle 
size for the upper curve. The par-
ticle starts out with 1 mm in size at 
10 AU. The sticking probability is 
0.1. 
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In Fig. 5 we varied Q from l to 0.0 l. The results show that even for Q = 1 the particle does 
not grow fast enough to escape being drawn into the evaporation zone. Note also that for a sticking 
coefficient of 0.01 we still expect particle growth from l µm to l mm in about 10,000 yrs. 

IV. CONCLUSIONS 

The calculations have shown that owing to turbulence-induced particle velocities, particles 
can grow rapidly by collisional agglomeration, provided only that they stick with reasonable 
efficiency upon collision. For a sticking probability Q = 0.1 the timescale for growing centimeter-
sized objects from micron-sized dust is of the order 103 yrs for the innermost 10 AU of the disk. For 
Q = 0.01 it takes about l 04 yrs to grow millimeter-sized particles. This is considerably less than 
the evolutionary timescale of the disk (105- 107 yrs). 

Since small particles are coupled to turbulent motion they are mixed throughout the disk. 
Particles larger than about 1 cm acquire a large inward drift velocity owing to gas drag and cannot 
be transported outward by turbulent mixing. In addition, the results show that they cannot grow 
fast enough into bodies large enough(>> l m) to decouple from the gas motion and stay on Kepler 
orbits. They are expected to drift rapidly toward the sun and evaporate, confirming similar 
conclusions (Weidenschilling, 1980; Volk, 1982; Morfill, 1983). 

This result is quite independent of the background-particle size spectrum and the nebular 
parameters. For example, in a more massive, denser disk with a higher inward mass flux of 10-5 

Mjyr the growth rates are larger in general, but at the same time curves A2 and B2 in Fig. 3 are 
shifted upward because of a smaller value forte [see eq. (2)]. Hence, there is again a limiting size, 
about 10 cm-1 m, above which the particle growth is too slow and the inward drift due to gas drag 
too large to prevent destruction of the particle by drift into the evaporation zone. 

So far, we assumed that the particles are more or less fluffy ice and dust balls. But this 
size-sorting process would apply equally well to denser chondrules. Since the limiting size of 
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Fig. 5 Using Lin's model. Shown 
here is the dependence on the 
sticking probability Q. The 
background-particle size is equal 
to the test-particle size. 
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particles is a function of the nebular parameters, we expect different chondrule size distributions in 
different meteorites as is observed ( e.g., Goswami, 1982), assuming that meteorites formed in 
different parts of the disk and that there is a certain time-lag (2 103 -104 yrs) between formation of 
chondrules and meteorite parent bodies. 

The calculations as described offer no hope that large bodies (.21 m) could aggregate in the 
turbulent disk, in agreement with the same conclusion reached by Morfill (1983) and Volk 
(1982). Sedimentation of particles toward the midplane of the disk is inhibited by turbulent 
stirring. It is not yet clear how large bodies and planetesimals or planets could form in such a 
scenario. To circumvent this very problem it has been proposed that turbulence is intermittent 
(Volk, 1982). Then through sedimentation a dense dust disk forms in about 3 X 103 yrs 
(Nakagawa et al., 1981; Weidenschilling, 1980), which then breaks up into kilometer-sized 
objects because of a gravitational instability (Safranov, 1972; Goldreich and Ward, 1973). 

Acknowledgments. This work was supported in part by NASA grant NSG-7361 and in part by the 
Robert A. Welch Foundation. Several discussions with G. Morfill were motivating factors for this study. 
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APPENDIX A 

This derivation follows closely the one by Weidenschilling ( 1977), but also includes the effect 
of a radial gas motion. Let the radial particle velocity be u and the azimuthal particle velocity be 
vg + w, where vg is the azimuthal gas velocity, which lags behind the Keplerian velocity v"' by an 
amount: 

Ag is the "residual gravity" due to the pressure gradient 

where pis the gas density. 

1 dP Ag= -p dR 

The radial force balance equation is given by: 

u-ug (vg + w)2 

-t-+ R -g= O 
e 

(Al) 

(A2) 

(A3) 

with te and u8 denoting the particle stopping time (te-mvreifF0 ) and the radial gas velocity, 
respectively. The relative velocity, vret• between particle and gas is: 

- [( )2 211/3 vrel - u-ug + w . (A4) 

Keeping only terms of order Ag/g, eq. (A3) can be written as 

u-u 2wv"' 
__ g +Ag+ --=O 

R ' te 
(A5) 

since v/ / R =g + Ag. 
The transverse force equation is best expressed in terms of the torque acting on the particle, 

which is equal to the rate of change in specific angular momentum h of the particle: 

dh _ -R w cit- -t-· 
e 

(A6) 
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Using h = R(vg + w) we get: 

dh dR dR d dt = ~vg + w) + Rdt dR (vg + w) , (A7) 

since u = dR/dt is already first order in .ig/g we can approximate vg + w by v ct, thus arriving at 

(A8) 

using R dvct,/ dR = -vct,/2. Combining (A6) and (A8) leads to: 

(A9) 

or 

(AlO) 

where Tis the Keplerian orbital period. Substituting (AlO) into (AS) finally gives: 

(All) 

For drag regimes where te is a function of vrel• the value of u and w have been calculated 
interactively by assuming a trial value forte for each step, calculating u and w by eqs. (AlO) and 
(All) and vre1 by eq. (A4) and thus arriving at a new te. H converges rapidly. 
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